Real data produced by gravitational wave detectors are affected by nonstationarities which must be properly weighted in order to reduce their effect. In the incoherent step of the hierarchical method for the periodic sources search, based on the Hough transform, two kinds of non-stationarities must be taken into account: one connected to non-stationary disturbances and another, with period of one sidereal day, due to the rotation of the Earth, which changes the orientation of the detector and therefore the signal amplitude. In this paper we describe the adaptive Hough transform in which these two issues are suitably treated. We discuss its statistical properties and some implementative details.
Introduction
It is well known that wide-area searches for continuous gravitational signals emitted by rotating neutron stars cannot be performed using optimal data analysis methods, due to the huge computational power needed. The hierarchical method we have developed allows a strong cut of the computational weight of the analysis, at the price of a small reduction in sensitivity . It consists in alternating coherent steps, based on FFT, and incoherent steps based on the Hough transform, as described, e.g., in Frasca (2000) , and Krishnan et al (2004) .
In this paper we describe a new implementation of the Hough transform step, which we call adaptive Hough transform, which takes into account non-stationarities of the data in an adaptive way. Two kinds of non-stationarities are present in real data: i) non-stationary disturbances; ii) a signal amplitude modulation, with period of one sidereal day, due to the rotation of the Earth. These two effects produce a signal loss if not properly taken into account.
The plan of the paper is the following. In Sec.2 we shortly remind the basic principles of the standard Hough transform. In Sec.3 we describe the two kinds of non-stationarities which are, in general, present in the data. In Sec.4 we introduce the adaptive Hough transform and its main statistical properties. In Sec.5 we describe some implementative details of the method. Finally, in Sec.6 a summary is given.
Standard Hough transform
The gravitational signal emitted by a rotating asymmetric neutron star produces a peculiar path on the time-frequency plane, due to the Doppler effect and source spindown. In the hierarchical method the input of the Hough transform is a time-frequency peak map which is obtained from the so-called short FFT database, selecting frequency bins of the normalized spectra which are local maxima with amplitude above a given threshold .
The Hough transform connects the time-frequency plane with the source parameter space (Frasca, 2000; Krishnan et al , 2004) . The output of the Hough transform is a Hough map, i.e. an hystogram in the source parameter space. Each bin in the peak map corresponds to an 'annulus' of pixels in the Hough map, in each of which the number count is increased by one, when that bin is considered for the construction of the Hough map. The 'annuli' due to signal peaks intersect in a pixel of the Hough map identifying the source parameters. In practice, due to the presence of the noise, several candidates, that is pixels in the Hough map where the number count is high enough, are selected and followed in the next steps of the analysis.
In Fig.(1a) an example of Hough map is given. It is the zoom of a full-sky map built from a simulated time-frequency peak map, extending over 4 months, in which a source with frequency f 0 = 330Hz, position (in equatorial coordinates) α = 78 o , δ = −42 o and signal-to-noise ratio (in each spectrum) 0.01 was injected. The Hough maps are computed in ecliptical coordinates for implementative reasons (Brocco et al , 2003) . Because the detector velocity vector has a large component along the ecliptic, each source has always a less intense 'ghost' companion source, symmetric respect to the ecliptic, as shown in Fig.(1b) . In Fig.(1c) the Hough map zoomed on the same portion of the sky as in Fig.(1a) is plotted for the case of pure noise.
The number count in a given pixel of a Hough map, built from N spectra, is given by
where k i is a random variable with value 1 if there is a peak belonging to the i-th spectrum contributing to that pixel and 0 otherwise. In absence of signals, we have a probability p 0 = p(θ; 0) of selecting a peak, in a normalized spectrum, which is a function of the threshold θ, and then for each variable k i the mean value is p 0 and the variance p 0 · (1 − p 0 ). Consequently, in absence of signals, the pixel number count is distributed according to a binomial distribution with mean value µ n (θ; λ = 0) = N · p(θ; 0) and variance σ 2 µ n . If a signal with amplitude h 0 is present in the data, the number count distribution in the Hough map is still binomial but with mean value µ n (θ;
is the signal normalized power, depending on the signal amplitude at the detector h 0 , on the F F T duration, T F F T , and on the detector bi-lateral noise power spectrum S n . Our criterium for the choice of the threshold is to maximize the expected value of the critical ratio CR, defined as
In Fig. (2) we have plotted Φ(θ; λ) as a function of the threshold θ for signals with λ ∈ [0.05, 0.30]. The maximum occurs at a value of θ in the range 1.84÷2.12, depending on the signal. However, due the smooth behaviour of the functions, we can take a slightly larger value, θ = 2.5, with a very small loss (in fact with a gain for large signals).
In this way we decrease significantly the probability of selecting peaks, and then the number of operations needed to compute the Hough transform. With this choice of the threshold p(θ; 0) 0.0755. The probability of selecting a peak, when a signal with signal normalized power λ is present, can be approximated as (Krishnan et al 2004) 
Non-stationarity
Real detector data are expected to be non-stationary because many disturbances change with time. In practice, the sensitivity of the antenna changes with time and this happens differently at different frequencies.
If non-stationarities are not taken into account, the sensitivity of the analysis is reduced, i.e. the minimum amplitude of a detectable signal becomes larger.The Hough transform method, which uses only the location of peaks in the time-frequency plane, is clearly more robust, concerning non-stationarities, respect to methods which use the spectral amplitude (e.g. the stack-slide method, based on the Radon transform). Moreover, the effect of non-stationarities is already partly eased in the phase of construction of the peak map in which a peak is defined as a local maxima above a given threshold, and not simply as a value exceeding the threshold. With the adaptive Hough transform, which will be introduced in the next section, there is a further gain in sensitivity at the cost of a small increase of computing cost.
The varying sensitivity pattern is a deterministic periodic effect, with period of one sidereal day, depending on the detector geometry and orientation and on the source position and polarization: the detector has not the same sensitivity to different directions in the sky at a given time, and also to the same direction at different times. In Fig.(3) the beam pattern function for the Virgo detector, at sidereal time 0.0, is plotted as a function of the source position, in ecliptical coordinates (assuming circular polarization).
In order to quantify the presence of non-stationarities in the data, let us introduce the vector r with components
where F (λ, β; t i ) is the detector power response, function of the sky ecliptical coordinates (λ, β), at the time t i corresponding to the i-th spectrum and n(t i ; ν) is the noise power at time t i and frequency ν. In the case of stationary data, r would be a constant vector.
In the next section we will see how the vector r is used to compute the adaptive Hough transform.
Adaptive Hough transform
Let us consider a realistic situation, in which detector data are non-stationary. As the peak map is built from normalized spectra, the probability of noise peaks is the same as in the stationary case, p 0 = p(θ = 2.5; 0). From now on the use of the threshold θ = 2.5 is assumed and it will not explicitly appear in the various expressions. In presence of a signal with a small "conventional" amplitude W , the probability of selecting a peak, at the time t i , can be approximated as
where the presence of non-stationarities is explicitly shown. Now we want to arrive to an optimal statistics for the construction of the adaptive Hough map: we use the principle of the maximum likelihood to estimate the amplitude W in the best way. Let us indicate again with n the number count in a pixel of the Hough map, that is the number of peaks contributing to the pixel. The likelihood function is
where, as in Eq.(1), k i = 1 if there is a peak in the i-th spectrum contributing to the pixel, and 0 otherwise. In the second equality the first product refers to the n spectra with a peak, the second to the N −n spectra without a peak. The log-likelihood function is
By imposing the condition d ln L dW = 0, and using the fact that W 1, we arrive at the following estimator of W , consistent and unbiased for W 1:
where
If the condition Q ≈ p 0 · Q holds, we havẽ
which depends on the unique observable R . The use of Eq.(9) to compute the adaptive Hough transform would imply, in practice, to build two maps: one for which the number count in a given pixel is R and the other with number count Q . The expectation value of the numerator of Eq.(9) is proportional to the signal amplitude W , while the expectation value of the denominator is weekly dependent on W and then we can simply define adaptive Hough map as the map in which the number count in a given pixel is given by
where a i ∝ r i . In absence of signals, the variance is σ 2 µ n N i=1 a 2 i , where µ n is the mean value of the number count of the standard Hough map, see Eq.(1). Then we can normalize the coefficients a i in such a way that N i=1 a 2 i = 1, so that in absence of signals the variance is the same as in the standard case:
Then, for computing the adaptive Hough transform the number count in each pixel corresponding to a given peak at a time t i must be increased not by 1, as in the standard Hough transform, but by a value a i given by Eq.(13) (or a factor proportional to it). In this way we weight more the pixels of the map corresponding to 'good' orientations of the detector and to less noisy spectra. The gain we have using the adaptive Hough transform can be evaluated by comparing the expected value of the critical ratio with that obtained taking the weights a i all equal. This choice corresponds to not take into account non-stationarities (i.e. it is the standard Hough transform) and in this case we have a i = 1 √ N for i = 1, ...N. The expected value of the critical ratio is µ CR (W ) = µη(W )−µη (0) ση and from Eq.(12) we have
where the expectation value
Then, we can write
We find
For the case of the amplitude modulation due to the detector motion, the gain is plotted, as a function of the ecliptic coordinates, in Fig.(4) . We see that G = 1 for two directions corresponding to the equatorial poles; the maximum gain, in the number count, is ∼ 27%. Concerning non-stationary noise, we consider a very simple and ideal two-state toy model with r having components
In this case the gain is given by
and is plotted in Fig.(5) as a function of β = m N . We have larger values of the gain for smaller A.
The gain in amplitude, and then in sensitivity, is the square root of the gain in the number count and is typically not larger than 20% ÷ 25%. This is a clear indication of the robustness, against non-stationarities, of the Hough transform method, which uses peaks and not the whole spectral information. Clearly, more reliable conclusions on the amount of gain need the use of real data. However, the typical gains we expect are not negligible at all. Due to the very steep dependence of the hierarchical procedure computational weight on the sensitivity we would need more than 10 times more computing power to have the same increase in sensitivity suitably choosing the search parameters, e.g. the FFT length. Note moreover that the adaptive Hough transform breaks the 'quasi-symmetry' respect to the ecliptic and determines a strong suppression of the ghost source seen in Fig.(1b) .
Implementation of the adaptive Hough transform
The code for the adaptive Hough transform has been developed and tested and it is now part of the P SS hough library.
The contribution to the weights a coming from a given detector (both interferometric and resonant) beam pattern are computed analytically just once for all the sky pixels and all the times and stored in a look-up table from where they are retreived when needed. Circular polarization is assumed. The same low resolution grid on the sky (48 · 24 pixels) and in time (48 bins) is used for all the search frequencies; this reduces the computational weight and memory occupancy of this look-up table at the cost of a negligible loss in the gain.
The information on non-stationary disturbances is stored in the peak map file: the peak map contains, together with the peaks selected from the normalized spectra built from the short FFT database, also low-resolution spectra which reflect the possible presence of non-stationary noise and are used in the computation of the adaptive Hough transform.
We have also compared the performances of the code with those of the the standard Hough transform. While the standard Hough map is an hystogram of integers, the adaptive Hough map is made of float numbers. As a consequence, the memory occupancy is 2 times larger. The timing of the code gives slightly worse results, with a slowing of about 30% for the highest frequency band. The performance loss is smaller for lower frequencies and it is nearly zero for the lowest band. As already disucssed at the end of Sec.(4) this loss is largely compensated by the gain in sensitivity.
Summary
In this paper we have described the adaptive Hough transform which has been developed in order to take into account non-stationarities in the data. The algorithm is identical to that of the standard Hough transform concerning the part of construction of the look-up table. The differences regard the part of computation of the Hough maps: the number count of each pixel of a map corresponding to a a given peak in the input peak map is incremented not by one, as in the standard case, but by an amount proportional to the ratio between the the detector response function and the noise level. This ratio depends on the peak frequency and time and on the pixel position in the sky and takes into account both non-stationary disturbances and the non omnidirectionality of the detector. While the former effect can be analyzed in detail only using real detector data, the former is deterministic and can be computed analitically. The use of the adaptive Hough transform gives a gain in sensitivity, tipically of the order of 15 ÷ 25%. Even if this could appear small, it would be hard to be obtained simply playing with the parameter of the search.
The code which implements the adaptive Hough transform has been developed and tested. It is slightly slower than the standard one, but this is largely compensated by the gain in sensitivity; the maximum performance loss is of the order of 30%. Figure 1 . a) Zoom of a full-sky Hough map around a simulated source with frequency f 0 = 330Hz, position (in equatorial coordinates) α = 78 o , δ = −42 o and signal-tonoise ratio (in each spectrum) 0.01. The simulated input peak map was built covering four months. b) Zoom of the same Hough map around the 'ghost' source, symmetric respect to the ecliptic. c) same as a) but in the case of pure noise. 
